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Effect of Structural Damping on Flutter of Plates
with a Follower Force
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A plate-like large space structure may undergo dynamic instabilities when it is thrusted by a nonconservative
compressive force. A flexible rectangular plate with four free edges, one of which is subjected to a tangential
follower force, is considered. The effects of structural damping are studied here because small damping may
destabilize the nonconservative system. The calculation shows that the thrusted free-edged plate with structural
damping also has both divergence and flutter types of instability, and the flutter thrust load with small structural
damping is drastically lower than that without damping. The destabilizing effect depends on the slenderness

ratio of the rectangular plate.

Nomenclature
a = plate length
b = plate width
D = bending rigidity of plate, Er3/[12(1 — »?)]
E = Young’s modulus
h = plate thickness
K\ nni; = element of matrix K,
K, ,..; = element of nondimensional matrix K,
K i = clement of matrix K,
K, ..; = element of nondimensional matrix K,
K5 ,mn; = element of matrix K,
K, ..; = element of nondimensional matrix K,
M,..; = element of mass matrix
M, = element of nondimensional mass matrix
m = surface density, ph
Q = nondimensional follower force
Or = nondimensional flutter load
Q; = generalized force
q = magnitude of a tangential follower force per unit
width
T = kinetic energy
t = time
U = potential energy, U, + U,
U, = strain energy due to plate bending
U, = strain energy to an in-plane compressive force
W,. = see Eq. (25)
W.,..(t) = generalized coordinate
w = plate deflection, w(x,y,?)
X,.(x) = coordinate function in the x direction
X,y = coordinates
Y,(y) = coordinate function in the y direction
a = acceleration
aF = flutter acceleration
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structural damping coefficient

= variation

Dirac’s delta function

= virtual work done by a structural damping force
» = virtual work done by an external follower force
8Wy = virtual work done by nonconservative forces

= nondimensional coordinate of y, y/b

= slenderness ratio, a/b

= Poisson’s ratio

nondimensional coordinate of x = x/a

density

nondimensional frequency, = Q, + Q,
imaginary part of

real part of ()

frequency
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I. Introduction

LARGE space structure may be constructed for low Earth

orbit and then moved to a higher orbit by using a thrust-
er. A plate-like large space structure, such as a solar power
station, may undergo dynamic instabilities when it is thrusted
because the rigidity of the structure is extremely low and
because the thrust is a nonconservative compressive force.

The plate-like large space structure may be constructed as
a truss structure with a large number of repeated unit space
frames, and it often may be modeled as a continuous isotropic
plate. A flexible rectangular plate with four free edges is
considered here; one edge of the rectangular plate is subjected
to a tangential follower force. The system is investigated by
means of modal analysis.

The problem without any damping in the formulation was
investigated by the authors.!-3 The plate shows both flutter-
type and divergence-type instabilities, and the critical value
of the thrust load was obtained for various slenderness ratios
of a rectangular flexible plate. The effects of structural damp-
ing are studied in the present paper. Generally, a large space
structure is not damped quickly because the structure is very
flexible and its frequency is extremely low, and so materials
with large damping often are used intentionally or the vibra-
tion is controlled actively. However, small damping some-
times destabilizes a nonconservative system,*-¢ and this is the
case here. The present result shows that the plate with struc-



HIGUCHI AND DOWELL: EFFECT OF DAMPING ON FLUTTER OF PLATES

tural damping also has both divergence and flutter types of
instability, and the flutter thrust load with small structural
damping is drastically lower than that without damping.

II. Formulation

An extended Hamilton’s principle and a Rayleigh-Ritz
approach’ are applied to a flexible plate subjected to a pure
tangential follower force (Fig. 1) as follows:

17
sf (T - U+ Wy dt =0 (1)
where
1

Eff mw? dx dy @
U=U + U, 3)

1 f b f “ ?w Pw\o*w

= — D —_—t p——

v 2 JoJo [(axl Vay2>ax2

2
Fw Pw\o*w Pw
+ = + -
( y? VW) ay? 2 V)<6x ay) ] o dy
1
[ {(Vzw)z +20 - )
_Pw Fw
[ ax 6y T ay? :” dx dy “)
2
lf”J'" xfaw
-, . qa<3x> dx dy 6)
Wye = W, + W, 6)
w'——fr ﬂ& — a) dwdx d 7)
p= o) as e —pewdrdy

b (a
var-2of
w 0 Jo
Pw 82 Pw Pw Pwy _d*w
—+v S—+|—+rv—])6—
ax? ay ox? ay? axz/  ay?

) 2—] dx dy (8)

+2(1 - V)
dxdy dxay

First, by introducing the expansion of the plate deflection
w(x,y,t) as

w(x,y,t) = ;; Wmn(t)Xm(x)Yn(y)
mn=1273,... )

we can rewrite T, U, and §Wy by using coefficient matrices
Mmmj’ Kl,mnij’ KZ.mnija and K3.mm'j as follows:

7= [ SSSS W,x,v,x7, ax
m n i j
1 .,
= Em 2222 WmnWiijm'i
mn i j
m,n,i,j=12,3,... (10)
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Fig. 1 Geometry of the model.
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where

K3.mnij = XX,

b
vy (17)

x=

w,=-2p [ [ 5333

m n H 7
X (W, XLY, + vW,, X, Y0 8W, XY,
+ WX, Yy + oW, X0X,) SW, XY
+2(1 — ») W, XY, 8W, X[ Y]] dx dy

—- 2222 WidW,Copy (18)
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where

Cmm'j
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2p [ ey, + v xey,
w 0Jo

+ (XY, + vX,Y,) XY/
+2(1 - ») X,Y,XY]] dx dy

(19)

1,mnij

- Ypk
w

Therefore,

W= - 2D IIIS W O

m n i j

One finds from Eqgs. (19) that the damping matrix divided by
(¥/w)D is identical to the bending stiffness matrix.
Lagrange’s equation has the form

dlar-u] _ar-v_,
de [ oW, aw, <7
myn,i,j=1,2,3,... 21)
where
Wy = 22 Q,8W;
ij
= ZE (—q 22 Wmn6Win3,mnij
i m n
- ;‘Z)D 22 WmnSWinl,mnij> (22)
Therefore,
Qij = - 22 (qunKIS,mnij + %DWmnKl.mm’j)
m,n, i, j=1,2,3 ... (23)

Tand U are givenin Egs. (10), (12), (14), and (3). Substituting
these equations into Eq. (21), we obtain the equations of
motion:

22 I:Wmn’ﬁMmm'j + (Wmn + %Wmn) DK]-"'"U

+ Wmn Q(_ K2.mni/' + K3.mnij)] = 0
mon, i, j=1,273,... (24)

By assuming that the vibration is stationary, i.e.,

W,,.() = W, exp (iwt), 2= -1 (25)

the equations of motion are reduced to the following eigen-
value equation for nontrivial solutions:

det {—wzm[Mmm'j] + D(l + iY)[Kl.mnij]
+ q[_KZ,mnij + K3.mni/’]} =0 (26)

We can use the functions of a free-free beam as the coordinate
functions X,,(x), Y,(y), X(x), and Y;(y). Then, let us non-
dimensionalize the eigenvalue problem (26) by using

& = xla 27)
n = ylb (28)
A =alb (29)

Finally, we obtain a nondimensional eigenvalue problem as
follows:

det {_QZ [anij] + (1 + 17) [Kl,mm‘j]
+ Q [—KZ,mnij + K},mm‘j]} = O

m,n,i,j=1,2,3,... (30)

where
O = mw?a*/D 31
Q = qa*D (32)

are the nondimensional square frequency and the nondimen-
sional load, respectively. Overbars in Eq. (30) denote non-
dimensionalized coefficient matrices.

III. Results and Discussion

A. Beam-Like Plate

A rectangular plate with a large slenderness ratio A is a
beam-like plate. It is shown in Ref. 1 that a plate with A =
10 and » = 0 can be regarded as a beam in both its frequencies
and its flutter loads. Eigenvalue curves for a beam-like plate
with structural damping coefficient y = 0, 0.01, 0.05 are
shown in Figs. 2a and 2b. The ordinates Q) and £}, stand for
real and imaginary parts of complex frequency Q (= Q +
iQ,), respectively.

Flutter for y = 0 occurs when two real frequencies merge
into a pair of conjugate complex frequency. In the case for
v # 0, frequencies are complex for all levels of load @, and
the two curves for the real part of the frequencies do not
merge, but approach each other. Eigenvalue curves for y =
0 are asymptotic curves for the case of y # 0 both in real
and in imaginary parts. Flutter for y # 0 occurs when the
imaginary part of a complex frequency changes from positive
to negative because a negative imaginary part of a complex
frequency makes the vibration amplitude diverge. Figure 2b
shows that the imaginary part of eigenvalue curve for y # 0
becomes negative at a lower load than that for y = 0. That
is, flutter with structural damping occurs at a lower load than
that without damping.

The ratio of the imaginary part to the real part of com-
plex frequency, Q,/Q, is called the true damping ratio, and
—(Q,/Q) characterizes the intensity of the flutter instability.®
The ordinate of Fig. 3 shows the true damping ratio. The
system is unstable dynamically if Q,/Q; < 0, and the condition
Q,/Q1x = 0 corresponds to neutral stability. All curves start
from Q,/Q; = y/2 at Q = 0 and approach the curve for y =
0 asymptotically.
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Fig. 2 Complex frequency for load: slenderness ratio A = 10; Pois-

son’s ratio » = 0; structural damping coefficient: , Y = 0
——, v = 0.01; -, ¥ = 0.05.
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Fig. 3 Intensity of stability: A=10; » =0; —, y=0; ——, y=0.01;
-my vy = 0.05.

The two curves cross the abscissa at almost the same value
of load Q. It is easily seen that the flutter load QO for v #
0 is insensitive to the change of y. Figure 4 shows that Q for
v # 0 is almost constant and is drastically lower than that
for y = 0.

It is clear that the structural damping has a destabilizing
effect on the nonconservative system of the free-free beam.
The flutter load calculated from the assumption that damping
is small and negligible is unconservative.

B. Rectangular Plate

The larger the slenderness ratio, the simpler the eigenvalue
curve. Results for A = 2, 1, and 0.5 are chosen here.

The eigenvalue curves in Fig. 5 for A = 2 are comparatively
simple. The lowest flutter for ¥ # 0 occurs at a lower load
than at that for v = 0, and so does the second lowest, as
shown in Fig. 6.

For the case of a square plate, A = 1, weak flutter insta-
bilities appear as shown in Fig. 7. Flutter whose intensity is
comparatively small and becomes stable or a decaying vibra-
tion with increasing Q is called a weak flutter. In Fig. 7, the
lowest flutter load drops drastically if y # 0. The second
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Fig. 4 Flutter load: A = 10; v = 0.
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Fig. 5 Intensity of stability: A = 2; v = 0.3;
y = 0.01; -—--, ¥ = 0.05.
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Fig. 6 Flutter load: A = 2; v = 0.3; V, flutter of symmetric mode;
O, flutter of antisymmetric mode.

lowest flutter load also drops drastically if y # 0, but its
intensity becomes weak when y = 0.01. The flutter becomes
a weak flutter when y = 0.05 and the load for the weak flutter
becomes much larger. The intensity of the weak flutter be-
comes weaker and it disappears if vy is increased further. Fig-
ure 8 illustrates the behavior. Structural damping makes a
weak flutter weaker and the weak flutter load larger.
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Eigenvalue curves for A = 0.5 in Fig. 9 are fairly compli-
cated, and a weak flutter determines the critical load for this
slenderness ratio. Weak flutter load and flutter load for var-
ious y are shown in Fig. 10. Flutter for y # 0 drops from
the flutter load for y = 0, but the change of the load is small.
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Fig. 7 Intensity of stability: A\=1; »=0.3; —, y=0; ——, v=0.01;
-, v = 0.05.
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Fig. 8 Flutter load: A = 15 » = 0.3; V, flutter of symmetric mode;
O, flutter of antisymmetric mode; V¥, weak flutter of symmetric mode.

0.1

0.05

True damping ratio, Q,/Q«

-0.05¢

-0.1
40

Fig. 9 Intensity. of stability: A = 0.5; v = 0.3; —, v = 0;
—— ¥ = 0.01; -, ¥ = 0.05.

Two weak flutter instabilities appear for a small y; however,
the weak flutter loads become larger gradually and the insta-
bilities die out with increasing y. The structural damping sta-
bilizes weak flutter.

It is interesting to examine the results if one assumes that
flutter occurs at a certain level of ,/Q, whose level is not
zero, but small and negative. The physical interest in consid-
ering a nonzero threshold for ,/€) is that one may show that
a viscous damping term is equivalent to providing such a
threshold.

Figure 11 shows the critical load for a plate with A = 1 for
various levels of a structural damping coefficient y and for
a threshold of the intensity of flutter, —(€),/Q). The level
of the nonzero threshold is chosen to be —0.001 in this fig-
ure. The critical load for flutter, which is determined from
the condition that the level of threshold is —0.001, is chang-
ing continuously with the structural damping coefficient from
y = 0, although that determined from the condition of the
zero threshold is almost constant regardless of the magnitude
of ¥ (# 0) and is always lower than that for y = 0. The
difference in the flutter loads between the levels of threshold
is attributed to the slope of the eigenvalue curve from the
positive part to negative part of Q,/Q);. An eigenvalue curve
with large y crosses the.abscissa, Q,/Q}; = 0, with a steep
slope, whereas a curve with small y crosses the abscissa with
shallower slope and comes closer to the curve for y = 0.
These facts are seen in Figs. 3, 5, and 7. A large structural
damping, which causes a sudden instability due to increasing
load, may not be recommended.
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Fig. 10 Flutter load: A = 0.5; » = 0.3; O, flutter of antisymmetric

mode; @, weak flutter of antisymmetric mode; V¥, weak flutter of
symmetric mode.

110 T T T T

Flutter load, Qf
4

AN
90~ v .

S8 pn
gohooo 068666606

0 0.02 0.04  0.06
Structural damping coefficient,

Fig. 11 Lowest flutter load for various levels of structural damping
coefficient: A = 1; » = 0.3; O, Q,/Q, = 0; A, Q,/Q, = —0.001;
V, Q,/Q, = — 0.01; [, Q,/Q; = —0.1.
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Divergence-type instability is also found, but the divergence
load is much larger than the flutter load for the case A = 0.5.

The value of the nondimensional flutter load Q. = 80 is
practically meaningful. The acceleration of the plate is given
by

a = qalthab = DQIha’h (33)

For a given D, m, a, b, the requirement that O < Q implies
that @ < ag, where

ap = DQlriah (34)

Thus, there is a maximum acceleration a for a given plate
due to the requirement that no flutter occurs.

As an example, consider £ = 7.0 X 10"[N/m?], » = 0.3,
p =27 X 1Pkg/m3], a = 1.0 X 10°[m], b = 5.0 x 104 [m],
and A = 5.1 X 107 m]. Then

ap = 1.0 x 10~ m/s?]

for Q = 80. This is only 1/1000 the acceleration of gravity
on Earth. For thicker plates, note that ar ~ h2. Hence, the
maximum possible acceleration « may be increased by in-
creasing the plate thickness 4.

IV. Concluding Remarks

The effect of structural damping on the dynamic instability
of a completely free plate subjected to a nonconservative
follower force is studied.

1) Structural damping drastically destabilizes the strong
flutter instabililty of the system considered here.

2) Structural damping stabilizes the weak flutter instability
because it makes the weak instability weaker or suppresses
flutter altogether.

3) The stabilizing and destabilizing effects of structural
damping on the dynamic instability depend on the choice of
slenderness ratio of the rectangular plate.

4) If viscous damping is included, the effect of structural
damping on the flutter instability is less drastic. Viscous damp-
ing is always stabilizing.
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